We probe the Ioffe-Regel limits of glasses with repulsions near the zero-temperature jamming transition by measuring the dynamical structure factors. At zero temperature, the transverse IoffeRegel frequency vanishes at the jamming transition with a diverging length, but the longitudinal one does not, which excludes the existence of a diverging length associated with the longitudinal excitations. At low temperatures, the transverse and longitudinal Ioffe-Regel frequencies approach zero at the jamming-like transition and glass transition, respectively. As a consequence, glasses between the glass transition and jamming-like transition, which are hard sphere glasses in the low temperature limit, can only carry well-defined longitudinal phonons and have an opposite pressure dependence of the ratio of the shear modulus to the bulk modulus from glasses beyond the jamminglike transition.
Upon compression, colloidal systems undergo the glass transition when the relaxation time (or the viscosity) exceeds the measurable value [1] [2] [3] . In the absence of the thermal energy, the compression leads to the jamming transition of packings of repulsive particles with the sudden formation of rigidity and static force networks [4, 5] . Although the initial jamming phase diagram [4] proposes that the glass transition of purely repulsive systems collapses with the jamming transition in the zero temperature (T = 0) limit, or equivalently in the hard sphere limit [6] , recent studies have evidenced that the T = 0 or hard sphere glass transition happens at a packing fraction φ g0 lower than the critical value φ j0 of the T = 0 jamming transition at the so-called point J [7] [8] [9] [10] [11] [12] .
The departure of φ g0 from φ j0 leaves φ ∈ (φ g0 , φ j0 ) a special region. At T = 0, the systems in this region are unjammed and unable to sustain the shear or compression. However, they are by definition glasses when being thermally excited, because particles are unable to diffuse freely. While glasses are believed to be mechanically rigid solids, it seems perplexing that the systems in (φ g0 , φ j0 ) are rigid in the glass perspective but not in the T = 0 jamming perspective, which makes T = 0 singular.
For soft and repulsive spheres, recent simulations have indicated that the glass transition temperature T g is proportional to the pressure p and vanishes at φ g0 [6] [7] [8] [9] . Both colloidal experiments and simulations have also shown that inside the glass regime, at fixed temperature, there exists a crossover pressure p j at which the first peak of the pair distribution function reaches the maximum height g max 1 [7, 8, [13] [14] [15] , reminiscing the structural signature of the T = 0 jamming transition [16] . At such a crossover, the pressure dependence of the temperature
and vanishes at φ j0 [7, 8] . In other words, when compressed at a fixed low temperature, the system undergoes the glass transition first and then the emergence of g max 1
.
The whole picture is reproduced here as well in Fig. 3 .
A recent study has demonstrated further that at p > p j and at a fixed low temperature some typical scaling relations observed in the T = 0 jammed solids are recovered, while they break down at p < p j , so it has been suggested that the emergence of g max 1 at p j signifies the jamming-like transition [8] . Solid properties of glasses on both sides of the jamming-like transition must be distinct. For instance, the thermal energy softens jammed solids, but it hardens the systems that are unjammed at T = 0 by increasing the yield stress with the temperature [12] . We will show that the underlying mechanism of such distinctions challenges our understanding of glasses with repulsions, especially the nature of hard sphere glasses.
By measuring the dynamical structure factors of soft glasses with repulsions, we obtain both the transverse and longitudinal Ioffe-Regel frequencies, i.e., the critical frequencies at which the phonon wavelength is comparable to the mean free path [17] . At T = 0, the transverse Ioffe-Regel frequency ω T IR vanishes at point J, while the longitudinal one ω L IR remains nonzero. Our analysis of the low-temperature glasses suggests that ω T IR and ω L IR vanish with a diverging length at the jamming-like transition and glass transition, respectively. Therefore, glasses below the jamming-like transition do not have well-defined transverse phonons, which should be the intrinsic cause of their significantly different material properties from glasses above the jamming-like transition.
Our systems are L × L boxes in two dimensions with periodic boundary conditions. To avoid crystallization, we put in the box N bidisperse disks with an equal mass m and a diameter ratio 1.4. If not specified, the results shown are for N = 4096 systems. Particles i and j interact via purely repulsive potential
where r ij is their separation, σ ij is the sum of their radii, and Θ(x) is the Heaviside function. We show here the results of Hertzian repulsion (α = 5/2), which has been verified as a good approximation to the interaction of PNIPAM colloids [7] . In our simulations, the length, energy, and mass are in units of small particle diameter σ, characteristic energy of the interaction ǫ, and particle mass m. The time is in units of mσ 2 /ǫ. The temperature is in units of ǫ/k B with k B the Boltzmann constant. We generate jammed solids at T = 0 by finding the local potential energy minima using the fast inertial relaxation engine minimization algorithm [18] . The normal modes of vibration are obtained by diagonalizing the Hessian matrix using ARPACK [19] . The dynamical structure factors at T = 0 are measured from the modes [20] :
where the sum is over all modes, λ denotes T (transverse) or L (longitudinal), and
where the sums are over all particles, e n,j is the polarization vector of particle j in mode n, r j is the location of particle j, andk = k/k with k satisfying the periodic boundary conditions. For thermal systems, we perform molecular dynamics simulations at constant temperature and pressure. The structure and dynamics are evaluated from the pair distribution function g(r) = (4L 2 /N 2 ) i j =i δ(r − r ij ) and intermediate scattering function
) for large particles, where the sums are over all large particles, q is chosen in the x direction with the amplitude approximately equal to the value at the first peak of the static structure factor, and . denotes the ensemble average. The relaxation time τ satisfies F s (q, τ ) = e −1 F s (q, 0). By fitting the relaxation time measured at fixed temperature with the Vogel-Fulcher function,
], where τ 0 and M are fitting parameters, we estimate the glass transition pressure p g . The dynamical structure factors are measured from the time correlation of current [20, 21] :
where where the sums are over all particles, and v j is the velocity of particle j. For simplifications, here we use the same symbol S λ (k, ω) as that for T = 0 [22] .
Figures 1(a) and (b) show examples of the dynamical structure factors at T = 0 calculated from Eqs. (2)- (4), which can be well fitted with [21] 
where S λ,B (k, ω) and S λ,R (k, ω) are the Brillouin (solid) and Rayleigh (liquid) components, A λ (k) and B λ (k) are fitting parameters, Ω λ (k) gives the dispersion relation, Γ λ (k) is the sound attenuation coefficient, and D λ is the thermal diffusivity. For S T (k, ω), the Brillouin component itself can fit the data well [20, 23] , so S T,R (k, ω) ≈ 0. However, for S L (k, ω), the Rayleigh component gives rise to the low-frequency increase with the decrease of the frequency, especially at large k and low p.
The Rayleigh component of the longitudinal dynamical structure factor has been overlooked in most of previous studies of disordered solids. Its presence implies that disordered solids still exhibit liquid characters at certain length scales. Figure 1(f) shows the ratio of the Rayleigh contribution to the Brillouin contribution,
, for the T = 0 jammed solids at different pressures. At each pressure, R(k) ∼ k 3/2 . Interestingly, all curves collapse when we plot R(k) against kp −2/9 , which implies a diverging length at point J (p = 0): l * ∼ p −2/9 . This is consistent with the picture of jamming transition: The Rayleigh component dominates over infinitely large length scale, so that the jammed solids are on the verge of instability.
In Figs. 1(c) and (d), we illustrate how the Ioffe-Regel limit is determined. As reported for some model glasses, Ω λ ∼ k, and Γ λ ∼ k 2 [20] . The Ioffe-Regel limit is achieved when Ω λ (k For the T = 0 jammed solids, various characteristic frequencies have been defined, e.g., the onset frequency of the plateau in the density of vibrational states [24] [25] [26] [27] or energy diffusivity [28] . It has been shown that these characteristic frequencies are scaled well with the pressure: [24] [25] [26] 28] , so at point J ω * decays to zero. It has also been argued that ω * relates to the boson peak or Ioffe-Regel frequencies [27, 28] . However, no direct measure of the Ioffe-Regel frequencies has ever been performed for jammed solids.
In Fig. 1(e) , we explicitly show the pressure dependence of the Ioffe-Regel frequencies for the T = 0 jammed solids. For the transverse one, ω −1 ∼ p −1/6 . As verified in Fig. 1(c) , Ω T (k) and πΓ T (k) measured at different pressures collapse onto the same master curves with the same intersection when we plot Ω T p −1/2 and πΓ T p −1/2 against kp −1/6 . The longitudinal Ioffe-Regel frequency, however, shows the tendency to approach a nonzero value at point J, as shown in Fig. 1(e) . It has been argued that the vanishing of the characteristic frequency at point J implies two possible diverging length scales, associated with the transverse and longitudinal excitations, respectively [24, 25, 29] . Here we show that ω of
against kp −1/3 , which is however not the case in Fig. 1(d) . Then, where will ω L IR vanish? At T = 0, mode analysis is inaccessible for unjammed systems below point J. We can alternately measure excitations in low-temperature systems using Eqs. (5)- (7) and predict behaviors in the T = 0 or hard sphere limit. Figures 2(a) and (b) show examples of the dynamical structure factors measured at T = 10 −6 and p = 10 −3 , which can also be well fitted with Eq. (8). We again estimate the Ioffe-Regel frequencies by locating the intersection between Ω λ (k) and πΓ λ (k).
As shown in Figs Fig. 2(f) .
undergoes the glass transition and jamming-like transition in sequence under compression. Figure 3 is the T − p phase diagram with both transitions. As reported before, the glass transition temperature T g and jamminglike transition temperature T j are scaled well with the pressure: T g ∼ p and T j ∼ p α/(α−1) [6] [7] [8] . For Hertzian repulsion, T j ∼ p 5/3 . In Fig. 3 , we plot as well the temperatures T T and T L at which ω . This finding reveals the most significant underlying physics of the jamming-like transition: At fixed temperature, it is the lower limit for transverse phonons to survive. In the region p g (p L c ) < p < p j (p T c ), only longitudinal phonons can be well-defined. In the low-temperature limit this region is just the territory of hard-sphere glasses.
To further evidence that transverse phonons are ill defined in (p g , p j ), we show in Fig. 2 (f) Ω T (k) and πΓ T (k) of a state in the middle of this regime. Γ T (k) is no longer scaled with k 2 at small k and πΓ T (k) > Ω T (k) all the way down to k = 0. The jamming-like transition thus divides the whole glass regime into two parts. In Fig. 3 , we use "Glass TL" and "Glass L" to denote glasses with both transverse and longitudinal phonons at p > p j and with only longitudinal phonons at p g < p < p j .
In the solid perspective, the absence of well-defined transverse phonons should be the intrinsic cause of the distinct material properties of Glass L from Glass TL [8] . In Fig. 4(a) we show the ratio of the shear modulus to the bulk modulus, G/B = (c Figure 4 (a) shows that G/B ∼ p 1/3 when p > p j , while such a scaling relation fails at p < p j . Interestingly, all the curves in Fig. 4(a) collapse well onto the same master curve with two distinct regimes when the scaling function G/B = T 1/5 H(p/T 3/5 ) is applied, as shown in Fig. 4(b) . The scaling function is constructed from the known scaling p j ∼ T 3/5 [7, 8, 13] .
−1/2 at p < p j and low temperatures with a short transition region near p j . The opposite pressure dependence of G/B on both sides of p j directly reflects the unusual vibrational properties of Glass L. In the hard sphere limit, G/B of hard sphere glasses decreases with increasing the packing fraction or pressure and decays to zero at point J, where p/T → ∞, consistent with the divergence of the mean squared displacement approaching point J [13] .
Our major findings that Glass L can only support longitudinal phonons and its distinct pressure dependence of G/B from Glass TL appeal for the reconsideration of the nature of hard sphere glasses. They also validate the jamming-like transition, which converges to point J in the T = 0 limit, to be a physically meaningful transition and a possible substitute of the glass transition as the boundary of the jamming phase diagram in the T −φ plane [4] : It is the transition to "normal" disordered solids with both transverse and longitudinal phonons.
The conclusions drawn here are valid for lowtemperature systems with repulsions near point J. They may not be simply generalized to systems with long-range attractions, because the jamming transition is inaccessible to these systems. Furthermore, recent studies have demonstrated that repulsive and attractive systems differ in their glassy dynamics and vibrational properties at low densities [33] [34] [35] , which magnify when lowering the density and are thus the direct manifestations of their distinct awareness of the existence of point J.
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